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Abstract 

We discuss on the possible existence of a super symmetric invari- 
ance in purely fermionic planar systems and its relation to the fermion- 
boson mapping in three-dimensional quantum field theory. We con- 
sider, as a very simple example, the bosonization of free massive 
fermions and show that, under certain conditions on the masses, this 
model displays a supersymmetric-like invariance in the low energy 
regime. We construct the purely fermionic expression for the su- 
percurrent and the non-linear supersymmetry transformation laws. 
We argue that the supersymmetry is absent in the limit of massless 
fermions where the bosonized theory is non-local. 



It is a well-known fact that two-dimensional models admit non-linear real- 
izations of the supersymmetry algebra that involve only fermions |l| . Indeed, 
in two dimensions one can hope to represent the full supersymmetry algebra 
solely in terms of either bosonic or fermionic fields by means of bosonization 
(fermionization) ^. This property of two-dimensional purely fermionic 
models was originally analyzed by Witten [^] and then investigated in detail 
by Aratyn and Damgaard . Several interesting fermionic models were then 
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investigated and shown to provide a non-linear realization of supersymmetry 

In order to extend this result to higher dimensional models, one should 
be provided with a bosonization recipe valid for d > 2. It was not until very 
recently that a fermion-boson mapping has been established in d = 3 dimen- 
sions P, P, llOl O]. The resulting bosonization rules for fermionic currents, 



either for free or interacting models, result to be the natural extension of the 



two-dimensional ones 1 10, 11 
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= -Z^7^^ -y=e^^aduAa = ^=^M , (l) 

v47r v47r 



where \l/ is a Dirac fermion, Ac is a vector field and is the corresponding 
dual field strength. It is understood that we are working in three-dimensional 
euclidean space-time. The exact bosonic Lagrangian equivalent to a given 
fermionic one, however, cannot be obtained unless some approximations are 
taken into account. 

In the present work we plan to address the problem of bosonization 
(fermionization) of three-dimensional supersymmetric models. The study 
of supersymmetric planar systems has recently shown to be of interest in the 
domain of cosmology [Q. It could also be relevant to the supermembrane 
theory, whose world volume action should be a three-dimensional supersym- 
metric field theory. 

We consider in this letter, as a very simple toy model, the case of free 
massive fermions, as it displays all the interesting novel features of our con- 
struction: a non-linear realization of supersymmetry in terms of fermionic 
variables at low energy, which is broken in the limit of massless fermions. 
We will report separately on the uses of our technique to treat more involved 
interacting systems |]13| . 



We start from a purely fermionic Abelian model consisting of two non- 
interacting massive Dirac and Majorana fermions. We carry out the boso- 
nization of the Dirac fermion using path-integral methods, arriving to an 
effective theory of a Majorana spinor and a vector field whose kinetic ac- 
tion consists of a couple of highly involved functions of the Laplacian. We 
show that the resulting lagrangian displays a supersymmetric invariance in 
the low energy regime, provided the original fermionic masses satisfy a defi- 
nite ratio. We compute the purely fermionic supersymmetry transformation 
laws taking advantage of the exact bosonization recipe for currents. When 
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massless fermions are considered, instead, the resulting bosonized model is 
not in principle supersymmetric. Finally, we add external sources to our 
system and find a very simple relation between correlation functions of cur- 
rents computed in the purely fermionic system and those calculated in the 
corresponding supersymmetric model. 



Let us begin by considering a simple purely fermionic model in three- 
dimensional Euclidean space-time described by the following Lagrangian den- 
sity: 

Cf = l^{^ + mm)<i/ + lx{^ + mx)X, (2) 
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where \l/ is a massive Dirac spinor and A is a massive Major ana fermion. The 
corresponding partition function 



V^V^VXVX exp 



can be trivially factored as Zf = Zq,Zx, with 



Zqi 



-D^-D^ exp 



VXVX exp 



1 
2 

-i / d^xX{^ + mx)X 



(3) 



(4) 



(5) 



Let us perform the change on Dirac fermionic variables = g{x)'$' and 
^ = ^'g~^{x), with g{x) = exp[z6'(x)] an element of U(l). One can always 
define for Dirac fermions a path-integral measure invariant under such trans- 
formations. After the change of variables, the partition function becomes 



P^-P^ exp 



(6) 



(we have omitted primes in the new fermionic variables). In this formula, 
dfj,9 can be simply seen as a flat connection. Thus, it can be replaced by a 
gauge field connection provided a flatness condition is imposed. 



df,e with J^^ 



. 



(7) 



Now, following the treatment of Ref.||TT|, the partition function @ becomes 



Z^ = J VAi,Vbf,det{]p[b] + mvt) exp ij 



lid xAfj^J' n 
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where D^\b] = + ih^ is the covariant derivative. It is the Lagrange mul- 
tipher that would become the bosonic equivalent of the original Dirac 
fermion \E'. Of course, one has still to perform the integration to ob- 
tain explicitely the dynamics of this vector field. To this end, we should 
first compute the fermion determinant in three dimensions as exactly as we 
can. In the limit of very massive fermions, it is a well-known result that the 
fermion determinant leads to an effective action given by a Chern-Simons 
More recently, this calculation has been done for any value of 



term 14, 15 



the fermion mass by making a quadratic expansion in powers of the 6^-field, 
with the following result |T|, [l^, |T8[ : 

- logdet(^[6] + m^) = i 1 d'x (h^,F{-d^)h^, + 2tt)^G{-d^)^^) , (8) 



where b^^ = d^hy — dyh^. Both contributions in Eq.(||) can be traced to 
come from the parity-conserving and parity-violating pieces of the vacuum- 
polarization tensor [0. Functions F{—d^) and G{—d'^) can be given through 
their momentum-space representations F and G as follows |jl6|, |l^, |18|, |19| : 



-F{k) 



4m| . L 
arcsm 1 



1/2 



4m|^ 



4m| 
A;2 



which results to be regularization independent, and 



-1/2 



(9) 



47r 27r /c 



arcsin 1 + 



"1/2 



(10) 



which is regularization dependent. Indeed, the parameter q can assume any 
integer value EH, pT| . 



The quadratic expansion of the fermion determinant must be taken with 
care. There is no small parameter in the theory that allows a sensible per- 
turbative expansion of the path-integral. Therefore, generically, it has no 
physical sense to cut the whole series of 6^-insertions into the fermion loop 
leading to the value of the determinant. In spite of this fact, it is impor- 
tant to mention that there are some cases in which this difficulty can be 
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overcomed, one of them being the hmit of very heavy fermions. If one is to 
analyse the low energy regime of the theory, imposed by letting — >■ oo, 
one can take profit of the well-known fact that the series expansion of the 
fermion determinant can be accomodated as an expansion in powers of the 
inverse fermion mass. The truncation of the late series is well-defined in the 
low-energy limit. Indeed, it leads to a local effective lagrangian dominated 
by those terms that have the lowest scaling dimension , which are precisely 
those appearing in (|), when evaluated in the appropriate limit. 

In order to illustrate this argument, one can compute the leading (parity 
conserving) contribution in mj^ of the fermion loop with four 6^-insertions, 
which result to be proportional to mJ^(F^j,)^. This result can be also ob- 



tained following the derivative expansion approach as was recently anal 



ysed in [Q. Taking into account these remarks, one must keep in mind in 
what follows that sensible results are those emerging in the low energy limit. 
It is worthwhile to mention, however, that there is another situation in which 
the quadratic approximation of the fermion determinant is physically relevant 
for any value of the mass (including the limit — > 0). This is the calcu- 
lation of the current algebra first done in Ref. |[L9||, for which the following 
terms in the expansion are irrelevant. In fact, the quadratic approximation 
was explicitely shown to be enough to reproduce the result of the current 
commutators that corresponds to that of the dual fermion theory. We will 
come back to this sort of discussion below. 

Using the quadratic approximation to compute the fermionic determinant 



(H), it is possible to perform the exact integration of the field [|T8[, the 
resulting partition function being: 

Zf = J VA^exp [- 1 d?x Qf^,Ci(-92)F^, - '-A^C^i-d^)^, 

(11) 

with = dfj,Ay — duAfj,. Concerning Ci and C2, they are given through 
their momentum-space representations Ci and C2 as follows, 

Ci(fc) = ' ' - , C2{k)= L ' - , (12) 
^ ' k^F^ + G^ ^ ' k^F^ + G^ ^ ' 

where u is an arbitrary function of the momentum, arising in the diago- 
nalization procedure. Current correlation functions are w-independent 
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Had we added in the partition function an external source covariantly 
coupled to the fermionic current 



Zf[s] 



VmvmVXDX exp 



(13) 

we would obtain -after the same procedure is applied-, the bosonized ex- 
pression: 



Zf\s\ 



j PA^exp [-1 (fx {^-F^,Ci{-d^)F,, - '-A,C2{-d')n, 



(14) 



Note that, choosing the value u = ijA^^^ the preceding equation makes 
evident the exactness of the bosonization recipe for currents (|l]) in corre- 



spondence with our previous discussions |Tg 



If we let the mass go to infinity. Fill) and G{k) take simpler expres- 
sions such that the leading order contributions to C\ and C2 are 



C'i(fc) 



1 



3 I 

and the partition function then becomes 



and C2{k) -1 



(15) 



+ 



VXVXVA^ exp 
+ mx)X 



- / (fx 



^ Fl + '-AM 



After a rescaling of the bosonized field A 



ill 



Af, = ^/3m^A'^ , 
the partition function (^) simply reads 



(16) 



(17) 



J VXVXVA^exp 



+ -X{^ + mx)X 



- I d^xi-F' F' + F' A' 



(18) 
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whose bosonic sector is given by the Maxwell-Chern-Simons theory |T^. The 
partition function ([T8|) describes a free vector boson with a gauge invariant 
mass which is three times bigger than the mass of the Dirac fermion that 
was at its origin, rrihos = 3m^, and a free massive Majorana fermion with 
m/er = ^x- It would be possible to place these fields together into the same 
representation of = 1 supersymmetry provided their mass is equal. In 
fact, choosing 

m\ = 3m* , (19) 

the partition function (^) is invariant under the supersymmetry transfor- 
mations 

6A'^ = e7^A , 6X = ^e^,^7^F^^e , (20) 

with e a real spinor parameter. As this is a free theory the invariance of 
the action does not, by itself, establish supersymmetry. It is easy to check 
that the commutator of two transformations (pO|) produces a traslation on 
the fields. Unfortunately this does not say much about the possibility of ob- 
taining the same kind of results once interactions are included: determining 
non-trivial aspects of this Supersymmetry certainly requires thorough inves- 
tigations on the ground of interacting theories. In this respect, it is worth to 
mention that some very simple interacting systems can be handled whithin 
this approach arriving to analogous results O . 



We have shown, using the path-integral bosonization framework, the 
equivalence at low energy between the purely fermionic model and the Max- 
well-Chern-Simons supersymmetric one, provided the fermion masses satisfy 
a definite ratio. To our knowledge, this kind of equivalence has not been 
studied before in planar systems neither in higher dimensional models. It 
is worthwhile to note that this limiting case could also be considered when 
an external source is coupled to the fermionic current. Consequently, from 
eq. (P^) , the correlation function of these currents in the low energy limit, 
after bosonization, are simply given by 

< J,.{x)3u{y) >=^< 'Ht^ix)'Hu{y) >susY , (21) 

where the subscript SUSY means that the correlation function at the r.h.s. 
of (^) is computed in the supersymmetric theory with the partition function 
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given in (|1^). Thus, the purely fermionic free correlator can be calculated 
as the correlation function of the dual electromagnetic field strength in the 
= 1 supersymmetric Maxwell-Chern-Simons theory. 



In order to further study the supersymmetry of the purely fermionic 
model, let us compute the Noether supercurrent corresponding to the La- 
grangian in eq. ([T8|) . It is given by the following expression 

J, = ^Klul,\ , (22) 
whose vacuum expectation value can be written by adding sources as 



< r< >- 



rl67rli/2 



5"^ log Z[ri,'q,s] 



|r?,»7,s=0 ) 



(23) 



where Z[rj,rj,s\ is the partition function ([TsD coupled to external sources 
given by 



Z[7],7],S\ 



VXDXDA^ exp 
/^3m^y/2 1 



- d^xi -F'F' + 



e F' A' 



+ mx)X + r]X + Xf] 



(24) 



We can fermionize back the low energy action 
we have just discussed, to end with 



following the procedure 



Z[r],r], s] 



V^V^fVXVX exp 



1 



+ X{^ + mx)X + f]X + Xi] 



(25) 



this leading to the purely fermionic expression for the vacuum expectation 
value of the supercurrent 



(26) 



with a = 3m^,/47r. The expression (p6D gives, in the low energy limit, the 
vacuum expectation value of the supercurrent that corresponds to the su- 
persymmetric invariance of the purely fermionic Lagrangian (§) subjected to 
the condition ([H 
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If eq. were valid at the operator level we would easily be able to 

show that it is a divergenceless current. However, being the current a com- 
posite operator, one must be very careful with potential Schwinger-like terms 
coming from the time ordered products. Using the previous expression for 
the current, and its /i = component, the supercharge, one can obtain the 
following fermionic infinitesimal transformation laws: 

6,X = a"^/2^7.^7.e , (27) 
S,^^/ = a-i/2(Ae^ + h/.^^^) . (28) 
Transformations ( pT]) and (^) provide a non-linear realization of the super- 



symmetric invariance that is present in the low energy regime of the purely 
fermionic model given in eq.(^. It is inmediate to see that the rule (|27|), 
is nothing but the straight fermionization of the photino transformation 
law given in Eq. (pUD . Concerning Eq. ([25|) , it is obtained by acting with 
the supercharge constructed from (|2^) over the Dirac spinor not as in 
1 + 1-dimensional models where it is interestingly computed from the chiral 
anomaly (a procedure which is, of course, impossible in our case). 

The 'duality' between the purely fermionic model (0) and the = 
1 supersymmetric Maxwell-Chern-Simons one (|18D -after condition ( |19|) is 



imposed-, was established in the path-integral framework by considering the 
low energy limit of the fermionic determinant. It is interesting to explore 
whether this kind of correspondence is still present in the high energy regime 
(thought of as the limit of massless fermions, ~^ 0). As we extensively 
discussed before, this limit is somehow problematic in the sense that the 
quadratic approximation to the fermionic determinant could have no sense. 
However, we will briefly analyse this case, taking into account that the result- 
ing bosonized action of massless fermions obtained by this method -in the 



quadratic approximation- was shown to give a sensible physical answer 
Also, the quadratic approximation that we followed has been shown to be 
enough in order to reproduce the current algebra of the fermionic system in 



terms of bosonic variables |T^ . Let us then consider in what follows the case 

where m^r is almost vanishing. In this case we have the following behaviour 
for F and G: 

m^j^\ and G(fc)^|- = lcot^. (29) 
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Inserting these expressions into Eqs. (]Tl|) and (|T2|), we are led to: 

VA^,exp —J iFf,^ 




- 2i cot ip e^^^A^F^^) d^x\^ Zx , (30) 

a non-local theory which is by no means supersymmetric. The fermionized 
supersymmetric invariance of the free massive fermion system seems to be 
lost at high energies. It is worth to comment at this point that non-local 
terms as that of Eq. (|30D can be traced up as coming from a four-dimensional 
model, after a dimensional reduction procedure is applied [0, . 



Let us end this letter by stressing its main results. We have presented a 
very simple purely fermionic model and showed that it is supersymmetric in 
the low energy regime, provided the fermion masses satisfy a definite ratio. 
We were able to construct the non-linear supersymmetry transformations 
corresponding to this invariance in terms of purely fermionic variables. In 
the limit of massless fermions, instead, the supersymmetry seems to be absent 
and the bosonized theory results to be non-local. It would be of interest to 
study the way in which the transition between both phases of the theory 
occurs. 

In order to clarify our discussion we have considered in this letter a free 
fermionic model. It is however possible to add certain interaction terms 



without spoiling the basic conclusions to which we have arrived here 
The possible generalization of these results to higher- dimensional systems 
deserve further investigations. We hope to report on these issues elsewhere. 

We would like to thank Adrian Lugo, Carlos Naon and Fernando Quevedo 
for helpful comments. We are also pleased to thank the referee for most 
valuable remarks that significantly improved the presentation. This work 
was partially supported by CONICET, Argentina. 
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